In this paper, we consider a class of p-Kirchhoff type problems with a singularity in a bounded domain in R N . By using the variational method, the existence and multiplicity of positive solutions are obtained.
Introduction and main results
The purpose of this paper is to investigate the existence of multiple positive solutions to the following problem: where M(s) = as + b,  < q < p < r ≤ p * , they proved the existence of multiplicity nontrivial solutions by using the Nehari manifold when the weight functions f (x) and g(x) change their signs. For more results, we refer to [-] and the references therein. When p =  and N = , problem (.) reduces to the following singular Kirchhoff type problem:
where  < q ≤ , the existence of solutions for problem (.) has been widely studied (see [-] 
In general, we say that a function u ∈ W
Thus, the functional corresponding to problem (.) is defined by
To obtain the existence results, we introduce the Nehari manifold:
and we define
Now we split N λ into three disjoint parts as follows:
}, where λ  (a) and λ  are given by
then we state the main theorems.
Theorem . Assume that p  < q < p * and N < p. Then, for each a >  and  < λ < λ * , the problem (.) has at least two positive solutions u
where μ is an eigenvalue of (.), u ∈ W ,p  ( ) is nonzero and an eigenvector corresponding to μ such that
we write
and all distinct eigenvalues of (.) denoted by  < μ  < μ  < · · · , we have
where μ  is simple, isolated and can be obtained at some ψ ∈ E and ψ >  in (see [] ).
Theorem . Assume that p  = q < p * and N < p. Then (ii) for each a <  and  < λ < -r pλ , wherê
the problem (.) has at least two positive solutions u
This paper is organized as follows: In Section , we present some lemmas which will be used to prove our main results. In Section  and Section , we will prove Theorems . and ., respectively.
Preliminaries
Lemma . (i) If q ≥ p  , then
the energy functional J(u) is coercive and bounded below in
N λ ; (ii) if q < p  , then
the energy functional J(u) is coercive and bounded below in W
By the Sobolev inequality,
Thus, J(u) is coercive and bounded below in N λ .
(
Thus, J(u) is coercive and bounded below in W
We see that h a () =  and h a (t) → -∞ as t → ∞. Since q > p  and
there is a unique t a,max >  such that h a (t) reaches its maximum at t a,max , increasing for t ∈ [, t a,max ) and decreasing for t ∈ (t a,max , ∞) with
On the other hand, since
there exist unique t + and t -such that  < t + < t a,max < t -,
That is, t
Proof First, we show that
Obviously,h() =  and lim t→∞h (t) = ∞. Sincē
we can deduce thath(t) is increasing for t ∈ [, ∞). Thus, there is a unique t + >  such that
The proof is similar to Lemma ., we omit it here.
We write
then we have the following lemma.
Lemma . Suppose that q > p  and  < λ < λ * , then we have
In particular α + = inf u∈N λ J(u).
Substituting this into J(u), we have
and then α + < .
(ii) Let u ∈ N -λ . We divide the proof into two cases.
, and by the Sobolev inequality,
Hence,
. By (.), one has
Repeating the argument of case (A), we conclude if λ < (-r)λ  (a)
(ii)α -> C  , for some C  > .
In particularα
Proof (i) Repeating the same argument of Lemma .(i), we conclude thatα + < .
(ii) Let u ∈ N -λ . By (.), one has
Then we have
Since u ∈ N + λ , it is easily seen that F(, ) =  and F t (, ) > . Then by the implicit function theorem at the point (, ), we can see that there exist ε >  and a continuous function
In the same way, we can prove the case u ∈ N -λ . 
Remark
Note that J(|u n |) = J(u n ). We may assume that u n ≥  in . Using Lemma . again, we can see that there is a constant C  >  such that, for all n ∈ N + , u n ≤ C  . Thus, there exist a subsequence (still denoted by {u n }) and u
Now we conclude that u
λ is a positive solution of (.). The proof is inspired by Liu and Sun [] . In order to prove the claim, we divide the arguments into six steps.
Step : u + λ is not identically zero. Indeed, it is an immediate conclusion of the following inequalities:
Step : There exists C  such that up to a subsequence we have
In order to prove (.), it suffices to verify
Suppose by contradiction that
Then, from (.) and (.), one has
Thus u n p converges to a positive number A that satisfies
On the other hand, by (.), we have
which is impossible. Hence, (.) and (.) must hold.
Step : For nonnegative ϕ ∈ W ,p  ( ) and t >  small, we can find f n (t) := f n (tϕ) such that f n () =  and f n (t)(u n + tϕ) ∈ N + λ for each u n ∈ N + λ by Lemma .. f n+ () ∈ [-∞, ∞] is denoted by the right derivative of f n (t) at zero. We claim that there exists C  >  such that
Therefore, by the boundedness of {u n }, we conclude {f n+ ()} n>n * is bounded from above.
Step : u + λ >  a.e. in and for nonnegative ϕ ∈ W ,p  ( ), we have a u
Since u n → u + λ a.e. in , we get u + λ ≥  a.e. in . Thus, one infers from (.) that
On the other hand
Combining (.) and (.), we have
Thus, (.) can be obtained by inserting (.) into (.). Moreover, from (.), one has
Therefore, using the strong maximum principle for weak solutions (see []), we obtain u
Step : u + λ is a weak solution of (.), and u Notice that φ is arbitrary, the inequality also holds for -φ, so it follows that u + λ is a weak solution of (.). Moreover, from (.) and (.), we deduce that u Repeating the same argument as Theorem ., we can see that u λ ∈ N + λ is a positive solution of the problem (.).
(ii) Similar to the proof of Theorem ., we know that the problem (.) has at least two positive solutions u 
